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: We are concerned with a variation of the assignment problem, where the
assignment costs differ under different scinarios. We give a surrogate relaxation
approach to derive a lower bound as well as an upper bound quickly, and show
that the pegging test known for a0-1 programm ing problem is also applica-
ble to this problem. Next, we discuss how the com putation time for pegging
can be drastically shortened by taking the special structure of the assignment
into account Firtally, through numerical experiments we show that the devel-
oped method finds upper and lower bound of high accuracy in relatively small
CPU time, and also solve larger instances to optimality faster than conventional
methods.
Keywords : assignment problem, robust optimization, pegging test,
combinatorial optimization
1.
($\mathrm{A}\mathrm{P}$:assignment problem)[1] $n$ $I=\{1, \ldots, n\}$ $n$
$J=\{1, \ldots, n\}$ ,
. $\mathrm{A}\mathrm{P}$ , $[9, 11]$ ,
, .
, $K$ [ $7^{\eta}$ , $k$ , $\mathrm{i}$ $j$




(MMAP: mini-max assignment problem)[18] .
MMAP:
mimrrnze $1 \leq k\leq K\mathrm{n}\mathrm{a}\mathrm{x}\{\sum_{i=1}^{n}\sum_{j=1}^{n}c_{ij}^{k}x_{ij}\}$ (2)
subject to $\sum_{j=1}^{n}x_{ij}=1$ , $\mathrm{i}=1,2,$ $\ldots,$ $n$ (3)
$\sum_{i=1}^{n}x_{ij}=1$ , $j=1,2,$ $\ldots,$ $n$ (4)








subject to $\sum_{i=1}^{n}\sum_{j=1}^{n}c_{ij}^{k}x_{ij}\leq v$ , $k=1,2,$ $\ldots,$ $K$ (7)
(3), (4) $(5)$
, , NUOPT
XPRESS-MP[13] . AP , MMAP NPP
[6] .
$\mathrm{A}\mathrm{P}$ , . MMAP
Kouvelis-Yu[7] , NP\sim . ,




( ) . , MMAP
.











subject to (3), (4), (5)
$\lambda\in R_{+}^{K}$ , SMMAP(\lambda )
, $(\lambda)$ , $\underline{z}(\lambda)$ , $\underline{z}(\lambda)$
75
$\lambda\geq 0$ MMAP . , $\underline{z}(\lambda)$ $\lambda$ ,
$\underline{z}(\lambda)$
$\lambda^{\uparrow}$ $-z:=\underline{z}(\lambda\dagger)$ . . $\underline{z}$
, .
1
(i) $\lambda\in R_{+}^{K}$ , $\underline{z}(\lambda)$ MMAP . MMAP
$z^{\star}$ , .
$z^{\star}\geq\underline{z}(\lambda)$ (11)
(ii) $\underline{z}(\lambda)$ , $\lambda$ .
(iii) $\lambda$ , $\underline{z}(\lambda)$
$\frac{\partial\underline{z}(\lambda)}{\partial\lambda_{k}}=\sum_{i=1}^{n}\sum_{j=1}^{n}c_{i\mathrm{j}}^{k}\underline{x}_{ij}=$
$\underline{z}^{k}(\lambda)$ (12)
\lambda , $\underline{z}(\lambda)$ MMAP ,
. , (subgradient method) $[12, 17]$ .
, (12) $g:=\text{ }\underline{z}(\lambda)/\partial\lambda=(\underline{z}^{k}(\lambda))$ .
, , $\underline{z}(\lambda)$
, .





. $\underline{z}(\lambda)$ , . $K.–2$
, , 2 .
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22
, $\lambda^{\mathrm{t}}$ ( 2 ) ,
$\lambda$ SMMAP(\lambda ) , $8\mathrm{M}\mathrm{M}\mathrm{A}\mathrm{P}(\lambda)$ $\underline{x}(\lambda)$ MMAP
$\mathrm{A}\mathrm{F};_{\mathrm{b}}^{\mathrm{b}}\text{ }$ , $\text{ }$ $1\leq k\leq K\mathrm{m}\mathrm{a}\mathrm{x}\{z^{k}(\underline{x}(\lambda))\}$ $z^{*}$ $\text{ }$ . $$ $\overline{z}(\lambda)$
, $\lambda\dagger$ $\overline{z}(\lambda)$ , MMAP 2 .
3.
3.1 0-1






$i=1,2$, ..., $2n-1$ (14)
,
$\alpha_{0_{J}}\geq 0$, $\forall j\in N$ , (15)
$0\leq\overline{b}_{i}\leq 1$ , $\mathrm{i}=1,2,$ $\ldots,$ $m+n$. (16)
, $N$ , $B(\mathrm{i})$ $\mathrm{i}$ . ,
(15) .
$PU_{s}:= \min\{\frac{-\alpha_{0j}}{\alpha_{i(\epsilon)j}}|j\in N,$ $\alpha_{i(s)j}<0\}(1-\overline{b}_{i(s)})$ (17)






$\mathrm{o}_{0s}.>\overline{z}-\underline{z}$ , $x_{s}^{*}=0$ (19)
(ii) $x_{s}$
$PU_{s}>\overline{z}-\underline{z}$ , $x_{s}^{*}=0$ (20)
$PL_{\mathit{8}}>\overline{z}-\underline{z}$ , $x_{\mathrm{s}}^{*}=1$ (21)
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32 MMAP
(2) $\sim\langle 5$ ) 0-1 , (5)







subject to $p_{i}+qj\leq c_{ij}$ , $\forall \mathrm{i},j$
. $p=(p_{i})$ , $q=(q_{j})$ , (23) , .
, $V_{1}=\{1,2, \ldots, n\},$ $V_{2}=\{1’, 2’, \ldots, n’\}$ ,
$A(p, q)=\{(\mathrm{i}, j’)|p_{i}+q_{j}=c_{ij}\}$




2 $H(p, q)$ $U\subseteq V_{1}$ , $|U|>|N(U)|$
. , $N\langle U$ ) $V_{2}$ , $U$ .
, Hall [1].
2
$H(p, q)$ $H(p, q)$ .
, $(p, q)$ , $H(p, q)$ ‘
, , (22) $(p, q)$ . $H(p, q)$
, .






$H(p, q)$ , $p,$ $q$ $H(p, q)$ .













$\overline{c}$ $=$ $\mathrm{c}_{N}-\mathrm{c}_{B}B^{-1}N$, $\overline{z}=c_{B}B^{-1}1$
, $\overline{A}$ , c- $\alpha_{ij},$ $\alpha_{0j}$ .
, 1 (ii) , A- , $(2n-1)\mathrm{x}$




Clij $\in$ {-1, 0, 1}, $\forall j\in N$ (24)
$\overline{b}_{i}$










: (i) (24) , $PL_{i}= \min\{\alpha 0\mathrm{i}|\alpha_{ij}=1, j\in N\}=\min\{PL_{i}^{+}, PL_{i}^{-}\}$ . ,
$PL_{i}^{+}= \min\{\alpha 0j|\alpha_{ij}=1, j\in N^{+}\}$ $PL_{i}^{-}= \min\{\alpha_{0j}|\alpha_{\dot{x}j}=1, j\in N^{-}\}$ . (26)
, $PL_{i}^{+}>\overline{z}-\underline{z}$ , $PL_{i}>\overline{z}-\underline{z}\Leftrightarrow\{j\in N^{-}|\alpha_{ij}=1\}=\emptyset$ .
(i) . (ii) $\bullet$
. ,
$x_{N}$ , N- ,
N- , $\{j\in N^{-}|\alpha_{i\mathrm{j}}=\pm 1\}=\emptyset$ , 0 1
.
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$K$ 2\sim 16, $n$ 200\sim 1000 . ,
$c_{ij}^{0}$ $[1,1000]$ , $\delta$ $0<\delta<1$ ,
$j_{\dot{v}}$ .
$c_{ij}^{k}$ : $[(1-\delta)c_{ij}^{0}, (1+\delta)c_{ij}^{0}]$
$\delta$ , $\delta$
. $\delta$ 0.3, $\delta=0.6,$ $\delta=0.9$ .
$\mathrm{C}$ , $\mathrm{I}\mathrm{B}\mathrm{M}$ $\mathrm{R}\mathrm{S}/6000\mathrm{S}\mathrm{P}44$
MODEL270 (CPU :POWER 3- SMP 2WAY, $375\mathrm{M}\mathrm{H}\mathrm{z}$) .
42
1, 2, 3 $\delta$ . , $\underline{z}$ 2
, $(=\overline{z}-\underline{z})$ gap . lassign \iota $\lambda^{\{}$
SMMAP(\lambda ) . $\mathrm{f}\mathrm{i}\mathrm{x}_{1}$ 1 ,
$n’$ , . $\mathrm{C}\mathrm{P}\mathrm{U}_{1}$
$\lambda^{\uparrow}$




600 1328.4 13306 2.2 5.9 167.3 1427.8 1.4 2.1
1000 1132.9 1135.32.45.4 275.4 3627.9 4.0 10.2
$\overline{42001483.91490.06.144.262.3409.50.90.2}$
600 1340.1 1133443311 3.0 411 166.1 1563.9 11.0 2.1
1000 1146.7 1149.1 2.4 33.3 294.3 $296\mathrm{S}.7$ 27.5 4.1
$\overline{82001487.01496.69.651.235.4593.41.50.2}$
600 1351.6 1357.9 6.3 38.1 31.3 2992.4 13.9 1.9
1000 1155.61159.3 3.7 35.1 73.8 4763.6 38.9 11.5
$\overline{162001505.41516.911.558.125.3698.42.90.2}$
600 13548 1360.7 5.9 646 292 2876.0 35.9 2.0




600 1252 .9 1255 .5 26 6.5 3016 1381.9 16 0.9
1000 103651039.8 33 6.2 332.8 4546 .5 4.7 5.2
4 200 . 1449 .7 1462.6 12.9 32.0 20.9 782 .1 06 0.2
600 1314.4 1322.3 7.9 37.0 31.4 36890 9.8 2.0
1000 1113.1 1117.7 4.6 363 59.7 5658.7 30 .9 10.2
8 200 1484.9 1506.9 220 50 .4 8.4 1202.3 1.5 0.2
600 1349.4 1364.0 14.6 49.9 9.7 6187.7 18 .1 2.3
1000 1145 .7 115408351.3 3.2 9706 .3 560 11 .5
16 200 150381530.2 26.4 582 2.7 1398.4 2.9 0.2
600 1373.2 1388.2 15.0 648 1.2 6329.1 36 .1 1.9
1000 1167.6 1178.5 10.9 65 .7 0.7 12428.9 1080 9.8
3: $(\delta=0.9\rangle$
$\overline{\frac{Kn\underline{z}\overline{z}\mathrm{g}\mathrm{a}\mathrm{P}\#\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}\mathrm{f}\mathrm{i}\mathrm{x}_{1}n’\mathrm{C}\mathrm{P}\mathrm{U}_{1}\mathrm{C}\mathrm{P}\mathrm{U}_{2}}{22001195.81204.99.17.547.\mathrm{S}679.40.10.2}}$
600 989 .7 999.4 9.7 6.9 48 .5 5207.0 1.6 2.5
1000 7890 793.3 4.3 7.4 229.1 6445.3 5.4 10.2
4 $200$ 1353.7 1383029.3 51.6 3.9 15976 10 0.2
600 1191 .9 1202.5 10635.717.1 4899 .3 9.3 22
1000 999.1 1010.0 10.9 3123313066725.7 17.0
8 200 1433.0 1468.3 35.3 53.8 03 1804.8 1.6 0.2
600 127911301.422.345.4009144616.4 2.6
1000 1091.7 1104.1 12.4 54.3 0014171060.988
16 200 1485.2 1531.8 46661.4 00226193.1 0.2
600 1319.7 1344.1 24.4 61 .7 00 9894.3 34.4 20
1000 113221149.7 17.5 54.9 00 19176.6 90.5 7.6
, .
, .
$\text{ }$ ( $\underline{z}$ ) $n$ , $K$ .
, MMAP .. $n,$ $K$ , $(\mathrm{C}\mathrm{P}\mathrm{U}_{1})$ . $\delta$
$\mathrm{C}\mathrm{P}\mathrm{U}_{1}$ .




K. $\delta,$ $n$ A 10 . , XPRESS-MP DELL
DIMENSION 8400 (Pentium(R)4 $3.40\mathrm{G}\mathrm{H}\mathrm{z}$ ) .
CPU 600 , 1 600 10
, 3
$\delta=0.3$ 8 XPRESS-MP
, $\delta=0.6,$ $\delta=0.9$ $K$ , $n$
.
44
MMAP . 4 $\delta$
, $n=200\sim 1000$ , 10
. , 3 ( )
XPRESS-MP . .
$\delta=03060B\mathrm{K}--4$350 $\delta--0\mathit{3}$ . $\mathrm{K}--4_{1}8.18$ 300 elta=0306$ $[$
300 250











$\mathrm{o}\mathrm{o}" \mathrm{o}\mathrm{o}\sim\infty \mathrm{o}\mathrm{o}\infty \mathrm{o}\mathrm{o}\underline{\mathrm{o}\mathrm{o}\mathrm{o}}$
$\mathrm{o}\mathrm{o}" \mathrm{o}\mathrm{o}\sim\alpha\subset \mathrm{c}$
$\mathrm{n}$










. MMAP ( 2 ) ,
.. ( ) ,
0-1 MMAP
.. $n$ , ,
.
, .
, $n$ 200 1000 MMAP .
, , $n=1\mathrm{O}\mathrm{O}\mathrm{O}$
$x_{ij}$ 100 , 99 , 1
XPRESS-M $\mathrm{P}$ . , ,
, .
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